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Abstract: It is shown that the quantum mechanical requirement for the spatial localization of an electron in a many-electron
system is that the Fermi correlation hole for the electron be totally contained within the same spatial region. Corresponding-
ly, the extent to which this requirement is not met provides a quantitative measure of its delocalization over the remaining
space of the system. The localizability of the Fermi hole is a property of the pair density and the total localization of some
number of electrons V() in a region (Q) of real space is obtained only when the exclusion principle acts so as to reduce the
average pair population of (Q) to its limiting value of N(2)(N(Q) — ). It is shown that the partitioning of a system which
most closely approaches the limit of spatially localized subsets of electrons may be determined by demanding that the fluctu-
ation in the average population of each of the spatial regions be a minimum. The extent to which the (Hartree-Fock) charge
distributions of LiH, BeH,, BH;, BH4~, CH4, NH3, OH,, FH, Ne, N, and F, may be regarded as arising from the localiza-
tion of individual «,3 pairs of electrons in distinct spatial regions is determined. The model of spatially localized pairs is ap-
propriate for LiH, BeH,, BH3, and BH4™, it is borderline for CHy, but in the remaining systems, the motions of the valence
electrons are so strongly inter-correlated, the localized pair model ceases to afford a suitable description. For example, the
properties of the charge and pair densities of H,O provide no physical basis for the view that there are two separately local-
ized pairs of nonbonded electrons in this system. The same analysis indicates that a wave function constructed from N/2
intra-correlated pair functions would fail to recover the major fraction of the correlation energy in this latter set of mole-

cules.

In this paper we investigate the extent to which the elec-
tronic charge distribution of a molecular system may be re-
garded as arising from the localization of individual pairs of
electrons in well-defined and nonoverlapping regions of
space. We do this in the following way. We determine the
average number of pairs in a given region of space by inte-
gration of the quantum mechanical expression for the pair
density over that region. We next show that this average
number of pairs is dependent upon the correlative interac-
tions between the electrons and in particular, that the de-
composition of a total system which most closely approach-
es the limit of spatially localized pairs of electrons is at-
tained by maximizing the extent to which the integrated
Fermi correlation hole of each electron in a given pair is lo-
calized within the same spatial domain. Finally, we show
that this latter condition is attained by demanding that the
fluctuation in the average population of each of the spatial
regions be a minimum.

Daudel and co-workers'? have reasoned that there
should be some “best” decomposition of the physical space
of a system into a number of mutually exclusive spaces
called loges. The “best” loges were to represent the most
probable division of the physical space of a system into lo-
calized groups of electrons. The best loges were ultimately
defined as being those which minimized the missing infor-

mation function I(P,, Q),3
I(P,. Q) =~ 3 P,(Q) In P,(Q)

where P,() is the probability that n electrons occupy the
restricted region of space (or loge) Q, when the other (N —
n) are confined to the remainder of the system. Within the
framework of information theory, minimization of I(P,, Q)
corresponds to a situation in which one has the maximum
information about the state of the region (Q). Using this
definition for the “best” loges, Daudel et al.* have obtained
a loge decomposition of a number of simple molecules. In
each case, the most probable partitioning found localizes an
average of two electrons in those regions of space which are
generally associated with core, bonded, and nonbonded
electrons.

The work described herein may be considered as provid-
ing an alternative definition of the “best” loges in the sense
implied by Daudel. We show that the extent to which some
number of electrons meet the quantum mechanical defini-
tion of localization in real space is determined solely by the
properties of the pair density, and does not require the
knowledge of the full (spinless) N-particle density matrix as
is demanded by the calculation of I(P,, Q).

It is well-established that the molecular correlation ener-
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gy may be approximated by a sum of pair correlation ener-
gies.>® Associated with this result is the assumption that in
some systems, a large fraction of the correlation energy
may be described in terms of just N /2 strongly intra-corre-
lated pair functions, functions which are considered to be
spatially localized and as a result transferrable between sys-
tems. This assumption is embodied in the method of “sepa-
rated electron pairs” 7% and in the use of “strongly orthogo-
nal geminals”.>'® The independent electron pair approxi-
mation, as recently reviewed by Kutzelnigg,!' is another
such approach, but one which may be generalized to include
all N(V — 1)/2 pair interactions. The present work is relat-
ed to these approaches in a useful way since it details the
definition of regions of space which possess pure pair prop-
erties and in addition, yields values of the extent of intra-
and inter-pair correlation over and between well-defined
spatial regions. .The method itself provides a simple test,
which can be applied to the Hartree-Fock starting wave
function, to determine whether or not an intra-pair biased
approach will be successful in recovering a major fraction of
the correlation energy in a particular molecule.

Ludefia and Amzel'? and Aslangul et al.'? have derived
methods for the calculation of correlated wave functions
using directly the information of the “best loge’ bounda-
ries. The present results substantiate their expectations that
such regions should exhibit maximum intracorrelated be-
havior.

There is hardly a need to stress the central role played by
the concept of the “electron pair” in chemistry. The results
of this paper provide a quantitative test of the localized pair
concept in molecular systems, or of the validity of Lewis
structures. The assumption of preferred spatial arrange-
ments for fixed numbers of electron pairs about some cen-
tral nucleus is a concept common to most theories of molec-
ular geometry. In a forth-coming paper we will illustrate
that the most stable geometry of an AH, system is the one
whose distribution of charge most nearly approaches the
limit of spatially localized pairs of electrons.

The Pair and Number Densities
The quantum-mechanical definition of the pair density is

Dz(l’l,rz) = N(N - 1)fd5|fd52fd)(3 e
Sdxvy*(x.x2, ... Xa)w(XXa, ... xn) (1)

where x; = r;s; denotes a product of space and spin coordi-
nates of the ith electron. The integration of D,(r;,r;) over
all space for both electrons yields N(/V — 1), the total num-
ber of (nondistinct) pairs in a system of N electrons. Inte-
gration of the coordinates r; and r; over a restricted region
of space (Q) yields the average number of pairs of electrons
in that region, D,(Q,2)

DA2,9) = ﬁ dr, _ﬁ draDa(rry) =

average number of pairs in (2) (2)

To determine the relationship between the average pair
density and the usual number (or charge) density and to ob-
tain the criterion for defining spatial regions with pure pair
properties, we introduce the concept of correlation as usual-
ly defined.'* That is, we write D1(ry,rz) as'>

Dy(ry,r3) = Di(ri)Dy(r2)[1 + f(r1,r2)] (3)
where D(r) is the number density

Dl(rl) = Nfdslfde e
Sdxyy*(x1,x2, ..

The correlation factor Dy(ry)D (r2)f(ry,r;) is a measure of

SXMP(X X2, L XN)

the extent by which the pair density deviates from that pre-
dicted by the simple product of number densities
D(r1)D (r;). Because of the differing normalizations as-
cribed to Dy and D,, certain limiting values may be as-
signed to the correlation correction. That is, a pair density
can never be equal to a product of number densities as the
product Dy(r)D(rz) includes the self-pairing of the elec-
trons and hence, when integrated over all space, yields N?
pairs, or N pairs in excess of the total number of actual
pairs, N(/V — 1). Because of this, integration of eq 3 over
the coordinates of just one of the electrons yields

SdnDi(r)f(rr) = -1, (4)
for any fixed value of r; and the total effect of the correla-
tion over all space is simply to remove the NV self-pairs,

Jdr fdraD () Di(r)f(r1,r2) = =N (5)

Since the net effect of D;(r;)f(r),r2) must be to decrease
the density of other electrons in the vicinity of the one fixed
at ry, its general effect is to create a hole, a correlation hole,
in the pair distribution function D,(r,r3).

In this work we are particularly concerned with the spa-
tial extent of the effects of the self-pairing correlation on
the motions of the electrons, and whether or not the net ef-
fect of this correlation for any one particle, the correlation
hole, may be largely localized to one particular region of
space.

In an electronic system it is useful to distinguish between
the correlation of electrons with identical spin, Fermi corre-
lation, from that of electrons with opposite spins, Coulomb
correlation. The correlation term f(r;,r;) as defined in eq 3
will measure both types of correlation. However, the limit-
ing value of the correlation hole as expressed in eq 4 arises
only from the correlation between electrons of the same
spin, the Fermi hole. That part of f(r,r;) which refers to
the correlation between electrons of opposite spin contrib-
utes zero when integrated over all space.'> In a system
which is in a definite spin state, the numbers of « and 8
electrons, N, and Ng, respectively, are separately con-
served. If the coordinates of an «-spin electron are held
fixed during the integration over all space in eq 4, then only
the removal of a-spin density contributes to the limiting
value of —1. Mathematically, this result is obtained during
the integration over the spin functions. Conceptually, it
arises because the « and § electrons form two distinct sets
and self-pairing can occur only within a set of identical par-
ticles. (The total number of pairs which can be formed be-
tween five « electrons and five 3 electrons is 50, or (5 X 5)
X 2. However, the number of pairs which can be formed
from the five electrons of either set is 20 or 5(5 — 1).)

Any properly antisymmetrized wave function will correct
for the self-pairing of the « and § electrons, One can view
the net result of the Pauli principle and its associated Fermi
correlation as correcting for the self-pairing of the « and
the 8 electrons in a nontrivial way. What we now show is
that the extent to which sets of electrons may be localized in
real space within some total system is determined solely by
the spatial properties of the Fermi or self-pairing correla-
tion.

Consider a molecular system which contains N electrons.
The probability of the event that » electrons will be found in
a particular fragment (Q) of the total space of the system
when the remaining (N — n) are confined to the disjoint re-
gion (Q) is*

/
Pa(Q) = — fdn...fdr,,x
n!(N —n)! Ja Q

f drp+1 ... f drnTWM(rra ... 1n)
o 1%
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In terms of these event probabilities, the average number of
pairs in a region (Q) is

DAQ.Q) = T Po(Qn(n = 1) = N(@)? = N(Q)  (6)

where N(Q) = D|(Q) is the average number of electrons in
().

Now consider the properties of the region () in the lim-
iting situation when P,(Q), the probability of one particular
event, equals unity, and the probabilities of all other events
are thus zero. In this situation N (), the average number of
electrons in (Q), equals #n. The number of pairs which can
be formed is n(n — 1) = N(Q)(N(Q) - 1), the number of
pairs which can be formed from an isolated and distinct set
of n objects. When the pair population of a region or loge
(Q) is expressible as V(Q)(N(Q) — 1) we refer to it as being
a “pure pair’ population. A set of electrons with such prop-
erties would be perfectly localized in the region (Q); ie.,
they would behave as a separate and distinguishable subset
of electrons and since the self-pairing is totally accounted
for within the region, the wave function for the total system
could be expressed as a simple product of separately an-
tisymmetrized wave functions for the 7 electrons in (Q) and
the (N — n) in (?’). This is the limiting case of localization
in an electronic system and we show that it occurs when the
total Fermi hole for each of the n electrons in (Q) is itself
confined totally to the region ().

Using eq 3, the expression for the average number of
pairs in a region (Q2) may be expressed so as to incorporate
the correlation term to yield

D12(Q2,Q) = j; dr j; drsDy(r1,rp) = N(Q)2 + F(Q,Q)

@)

where

F(Q.0) = fQ dry fg Ay (r)Di(F)f(rr)  (8)

F(Q,Q) is a measure of the total correlation which is con-
tained within the region (Q), i.e., a measure of the intra-
loge correlation. For a Hartree-Fock wave function, which
inclues only Fermi correlation, the magnitude of F(Q,Q) is a
measure of the total (integrated) Fermi hole of the N(Q)
particles that lies within the region (). From eq 4 and 8
and as demonstrated below, the limiting value of the intra-
loge correlation is seen to be —/N(2). Thus, only if the total
correlation hole of the N(Q) particles in (Q) is totally con-
tained in this region will D»(Q,Q) correspond to the exact
number of pairs which can be formed from a distinct set of
N(Q) particles. That is, in this limiting situation the N(Q)
electrons (where N(Q) is necessarily a whole number) gen-
erate a pure pair population, with

D>(2,Q) = N(QN(Q) - 1) (9)

Otherwise, N(Q) < [N(Q)?]"/? and, from eq 6, D2(2,2) >
N(@Q)(N(Q) = 1). Only when the relationship as expressed
in eq 9 applies is the number of pairs in a region determined
by (or in any way related to) the average number of parti-
cles within this same region. In this limit both N(Q) and
D>(Q,Q) yield pure populations as their values are deter-
mined by a single event.

The fluctuation in the population of a region (Q) is de-
fined as

A(Q) = éo P (Q)(n = N(Q))? = N(Q)> = N(Q)? (10)

[t provides a direct measure of the spread in events which
contribute to the average population of a region of space.
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Furthermore, the fluctuation in a population is determined
solely by the average pair and the number densities and a
knowledge of the individual event probabilities P,(Q) is not
required for its calculation.'® Thus, one finds

A(Q) = D2(Q,Q) + N(Q) — N(Q)2 (11)
Substitution of eq 7 for D»(Q,Q) intoeq 11 yields
A(Q) = N(Q) + F(QL.Q) (12)

The fluctuation attains its minimum value of zero under the
same condition that D»(Q,Q) is reduced to a pure pair popu-
lation, that is, when one particular event has a probability
of unity. From eq 12 the limiting value of F(Q,Q) is thus
equal to —N(Q), a value, which as stated previously, implies
that the total Fermi correlation hole for each electron in (Q)
is totally contained within the region (Q). Thus, the surface
defining a loge for which A(Q) has been minimized is one
enclosing a volume of space within which the magnitude of
the correlation per particle is a maximum.'® Minimization
of A(Q) also ensures that the extent to which N(Q) and
D»(2,Q) approach their limiting values for pure popula-
tions, obeying the relationship expressed in eq 9, is maxi-
mized.

In general, for a system described by a fully correlated
wave function, F(Q,Q) will measure the magnitude of the
Fermi and the Coulomb correlations over a region ().
However, since the limiting case of F(Q,2) = —/N(Q) yields
a pure pair population for (2), this value must be a measure
of only the self-pairing or Fermi correlation. Thus, one
must conclude that in this limiting situation of total local-
ization, the Coulomb correlation integrates to zero over the
region (Q), as it does over the total system. While the Cou-
lomb correlation acts only within each localized set of elec-
trons in this limiting situation, there are residual correlative
interactions between electrons of like spin in the different
loges. The Fermi hole integrates to minus N (or —N(Q) for
a region) thereby correcting for the statistical counting of
pairs. However, it does so in a particular way, such that cor-
relation over and above the statistical correlation (we may
call it a “pure correlation™) is introduced into the wave
function for motions of electrons with parallel spins.'® Thus,
the total localization of one or more electrons of say « spin
in some region (Q) is obtained as a result of the pair proba-
bility'® for « pairs in (Q) being decreased from that pre-
dicted by the uncorrelated result, while the probability of
forming « pairs between the « electrons in (Q2) and those
outside of (Q) is increased. Hence the localization of the
Fermi hole into distinct spatial regions is obtained as a re-
sult of a pure correlation between electrons of identical spin
which is negative within each loge and positive when the
two electrons are in different loges. It integrates to zero
only over all space. In the same limit, the Coulomb correla-
tion is zero over each loge separately, implying that the den-
sity of o, pairs is both increased and decreased over the
uncorrelated result by equal amounts within each loge.

One can obtain a measure of the extent of the correlative
interactions between the electrons in two different loges (Q)
and (') by determining the fluctuation in the population of
the combined loge (Q + ') = (Q”). One finds,

A(Q7) = A(Q) + A(Q) + 2F(Q,Q) (13)
where

FO@) = f an | aupienpies ) (14

In a system described by a Hartree-Fock wave function the
magnitude of the inter-loge correlation F(Q,Q’) is a mea-
sure of that part of the total correlation hole for the elec-
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trons in (Q) which is present in (Q’) and vice versa. Just as
—-F(Q,Q)/N(Q) provides a measure of the extent of local-
ization of the electrons in (Q) by measuring the fraction of
the total Fermi hole contained in (Q), so —F(Q,2)/N(Q) is
a measure of the extent to which electrons in (Q) are delo-
calized over ().

The number of pairs which can be formed between the
electrons in () and those in (') is also related to F(Q,Q’),

mmnq:JZauﬁﬁnmumg=Nmﬂmm+

F(Q.Q) = D(2,Q) (15)

Consider a two-loge partitioning of a total system, in
which case A(Q”) = 0 (since (2”) now refers to all space)
and eq 13 yields

A+ AQ) = =2F(Q,Q) = 2A(Q) (16)
and where in addition one has
F(Q,Q) + F(,Q) + 2F(Q,Q) = =N (17)

By minimizing the sum of the loge fluctuations in eq 16, one
minimizes the magnitude of the inter-loge correlation,
which from eq 17 is equivalent to maximizing the magni-
tude of the intra-loge correlations. In the limit of perfect lo-
calization of the electrons into two subsets, one in (Q) and
one in (©’), the inter-loge correlation vanishes, and from eq
15, the number of pairs formed between the two loges re-
duces to 2N (Q)N(Q'). i.e., the number of pairs which can
be formed between two sets of objects, the objects in each
set being distinct from those in the other. When F(Q,Q’) is
not zero, this number of pairs is decreased from its limiting
value and 2F(Q,Q) may be interpreted as a measure of the
extent to which the identities of the electrons in () and
(Q') are spread over both loges.

These results are easily extended to the partitioning of a
system into an arbitrary number of loges, ». The operational
expression for determining the most localized description of
the electronic charge distribution in a molecular system into
v spatially defined subsets is given by

’

Y AQ) = -2 ¥ FQ)
Q<Y

Q

(18)

The minimization of the sum of the loge fluctuations mini-
mizes the total extent of inter-loge correlation, and from eq
19

SFQY+2 Y FQQ)=-N (19)

Q<
it maximizes the extent of intra-loge correlation.

In real systems, the perfect localization of the charge dis-
tribution of a system into two or more subsets of electrons
can be approached but never attained. Thus, in general
N(Q) is the average of a number of events. It should be
stressed that the knowledge of the average population of a
region does not in general yield any information about the
number of pairs in that region. Thus, for example, a spatial
region of a molecular system with an average population of
two will not in general contain two pairs (i.e., one «,3 pair)
of electrons. Instead, the average number of pairs for a re-
gion and the extent to which the electrons are localized in
the region are both determined by the pair density. Only
certain special spatial regions possess properties which ap-
proach the relationship between N(Q) and D2(Q,Q) ex-
pressed in eq 9.

In summary, in a many-electron system, any one electron
has an identity in a restricted region of space only if its cor-
relation hole is totally confined to the same region of space.

One cannot spatially localize an electron without at the
same time localizing its Fermi hole.

Correlation in Hartree-Fock Charge Distributions

As is well-known, a Hartree-Fock wave function includes
only Fermi correlation. Slater'” has pointed out that the ex-
change terms obtained through the introduction of antisym-
metrization into a simple product of one-electron wave
functions has the effect of correcting the energy expression
for the self-repulsion of the electrons. This is the energetic
analogue of correcting for self-pairing. Maslen'® has shown
that the average exchange charge density, the quantity de-
fined by Slater to account for the removal of charge density
of an amount equivalent to one electronic charge for each
electron in the system, is identical with the integrand in eq
4, the Fermi hole. Thus, F(Q,Q2) is a measure of the total
exchange charge for the electrons in (Q) which is contained
within (2). For a Hartree-Fock wave function, the expres-
sion for F(Q,Q) assumes a particularly simple form, namely,

N
F(2.9) = - ¥ S;%(Q) (20)
hj
where S;;(2) is the overlap of the spin orbitals ¢; and ¢,
over the region (Q). Because of the orthogonality of the spin
functions, F(Q,Q) may be expressed in terms of separate
contributions from the « and 3 electrons as

N
FQ,0) = -3 S;%Q) -
Ly

f&ﬂm=ﬂmm+ﬁmm (1)
LJ

a result which shows that the Fermi or self-pairing correla-
tion operates separately within the «- and 3-spin distribu-
tions. It is clear from eq 21 that for a closed-shell system
the total Fermi correlation contained within a region (Q)
may be divided into equal contributions from the « and 8
electrons.

Any evidence for pairing which is found for a system
when it is described by a Hartree-Fock wave function must
be the result of Fermi correlation. Consider a region of
space with an average population of two in a closed-shell
system for which F(Q,Q) attains its limiting value. In this
instance F*(Q,Q) = F3(Q,Q) = —1 and one « and one 8
electron are confined to the region (Q) with the total exclu-
ston of all other electrons of « and {3 spin. Thus, Fermi cor-
relation does not act directly to “‘pair up” electrons. Rather,
since there is no Fermi correlation between electrons of op-
posite spin, an «,8 pair is obtained as a result of all other
electrons of « and all other electrons of 8 spin being exclud-
ed from a given region of space. In this manner, some num-
ber of «,B3 pairs of electrons may be spatially localized, the
number being determined by the depth of the nuclear po-
tential in that region.

In view of the manner in which the Fermi correlation op-
erates, one can argue that a Hartree-Fock wave function
should over-emphasize the extent to which the pair density
is spatially localized. That is, the introduction of a repulsive
Coulomb correlation between the electrons of opposite spin
within a localized set would tend to reduce the extent of lo-
calization. A similar view has been expressed by Sinanog-
lu;'® “Shell structure in atoms and molecules is due to nu-
clear wells and the exclusion principle. Long-range Cou-
lomb repulsions between electrons have a disrupting influ-
ence on this structure”.

The results reported in the following section, which were
obtained from Hartree-Fock wave functions, should, if the
above argument is correct, represent an upper limit of the
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Table I. Properties of Core Loges

F(2,92)/
N(2)] X 100

i percentage

Molecule  r, au N(2) D,(2,22) F(£2,22) localization
LiH 1.42 1.999 2.088 -1.908 95.5
BeH, 0.95 2.012 2:093 1.875 93.2
BH, 0.70 2.023 2.256 —1.836 90.8
BH, - 0.70 2.026 2.291 -1.814 89.5
CH, 0.53 2.005 2.254 -1.766 88.1
NH, 0.43 2.002 2.282 —1.726 86.2
OH, 0.36 2.001 2.314 1.691 84.5
I'H 0.30 1.966 2.244 1.621 82.5
N, 0.43 2.001 2291 1733 86.6
E., 0.31 2.008 2.367 1.667 83.0
Ne 0.26 1.963 2.348 1.506 76.7

Ar 0.12 1.856 2.090 1.355 73.0

extent to which the pair density and hence the charge densi-
ty in a given molecular system may be spatially localized.

Localization in Hartree-Fock Charge Distributions

The real space of a number of molecular systems is
searched for regions which yield a minimum in the fluctua-
tion of their populations to determine the nature of the spa-
tial localization of their Hartree- Fock number and pair
densities. The systems studied are LiH, BeH,, BH;, BH4™,
CHy4, NH;3, OH», FH, Ne, Ar, N», and F», all at their equi-
librium geometries. We first search for those individual re-
gions of space in which localization occurs.

Localization of Core Density. [.oges of arbitrary shape,
located in arbitrary regions of space, do not exhibit a mini-
mum in their fluctuations as their boundaries are varied,
other than when their volumes tend to either zero or all
space. However, a spherical loge centered on any of the nu-
clei in the above systems, save the protons, yields a region of
space, a core loge, with a minimum in its fluctuation for
some value of the radius r. The parameters and properties
of the core loges are listed in Table I. In every case the opti-
mum core loge is found to have an average number and pair
population in the neighborhood of two. In general, no other
single partitioning of the systems is found to yield a more
localizable description than that obtained by the division of
the system into one core loge for each heavy nucleus, and a
single valence loge. For the elements Li through to Ne, the
percent localization (as measured by |F(Q2,Q2)/N(Q))
ranges from 95 to 77%. Clearly, for these elements, the con-
cept of distinguishing between a pair of core electrons and
some number of valence pairs has some justification.

As anticipated, the radius of the core loge decreases with
increasing nuclear charge. Of all systems so far studied, the
charge distribution of LiH (and of LiH*)'® approaches
most closely the idealized localization into separated pairs
(or into one core pair and one valence electron in the ion).
This property is reflected in the very localized nature of the
charge distribution for these systems, Figure 1.

The decrease in both the intra-loge correlation and the
percentage localization with increasing nuclear charge par-
allels the increase in the compactness of the core density. In
general, one finds the extent of localization to decrease as a
charge distribution becomes more contracted. Note that
while the argon core has a pair population close to two, the
average number population is significantly less than two.
This situation is characteristic of a loge for which P>5(Q) is
dominant, but for which P,(2) exceeds P3(£) by a signifi-
cant amount, thereby decreasing the average number popu-
lation.

Aside from the zeroes in the fluctuation at »r = 0 and r =

7395

]
!
;

Figure 1. Contour maps of the molecular charge distributions (from
left to right) of LiH(X'XZ%), BeH(X'¥t), and BH;(X'A’),
BHs7(X'A}). The loge boundaries are indicated by long dashed lines,
the zero-flux surfaces, which indicate “paths of minimum density™ by
short dashed lines. The shaded area indicates that portion of the plane
which forms a common boundary for two loges. The contours in this
and the following figures are in au and increase in value from the out-
ermost contour inward in steps of 2 X 107, 4 X 107, and 8 X 10" The
smallest contour value is 0.002 au with # increasing in steps of unity.

«, the Ne atom was found to exhibit only the one minimum
in A(Q) as the radius of the core loge was varied from zero
to infinity. Thus, the Ne atom yields a core and a valence
loge, or K and L shells of density, and the inter-shell corre-
lations, the value of 2F(K,L), amounts to only 9.1% of the
total possible Fermi correlation.

The Ar atom exhibited two minima in A(2) as r was var-
ied, indicating the presence of three localizable shells of
density. The middle shell was bounded by spheres of radii r;
= 0.12 au and r, = 0.75 au, yielding average populations of
1.86, 8.28, and 7.86 electrons for the three shells. (The min-
ima in the radial distribution plot for Ar occur at 0.14 and
0.80 au.) The sum of the fluctuations for these three shells
of density is also a minimum for simultaneous variation in
ri and r,. Thus, from eq 18, any change in the values of r,
or r> quoted above increases the inter-shell correlation and
decreases the localization of charge in each shell. The per-
centage localization within each of the three shells is 73, 87,
and 87% for the K, L, and M shells, respectively. The values
of the inter-shell Fermi correlations are, 2F(K,L) =
—0.972, 2F(K,M) = —=0.031, and 2F(L,M) = —1.133,
which sum to 12% of the total Fermi correlation.

Localization of Valence Density. Having defined a va-
lence region as the total space minus a localized core on
cach heavy atom, we now search for a loge in the space of
the valence density which yields a minimum in its fluctua-
tion. Such a search is successful only in the systems BeH>,
BH3, and BH;~ (and of course in the two-loge system,
LiH). In these three AH, systems, the loge which yields a
minimum in its fluctuation corresponds to 1/n of the va-
lence region with boundaries symmetrically located with re-
spect to the enclosed proton (see Figure 1). Any variation in
the boundaries of one of these bond loges increases its fluc-
tuation and decreases the magnitude of the intra-loge corre-
lation F(€,Q). The sum of the fluctuations for the core and
n valence loges is also minimized for these bond loges. From
eq 18, any change in the boundaries of any of the loges in
these three systems increases the magnitude of the interloge
correlations and decreases the extent of intra-loge correla-
tions. The spatial regions thus obtained represent the most
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Figure 2. Contour maps of the molecular charge distributions of
CH4(X'A)) in an HCH plane, of NH3i(X'A,) in an NH plane, of
H>O(X'A)) in the HOH plane, of HF(X'=*), and of Ne(X'Sy). The
long dashed lines denote boundaries of loges which have average popu-
lations of 2.0 electrons.

localized possible partitioning of the system, in the tradi-
tional sense, into core and bond loges. While the average
population of the bond loges is close to two (see Table II) in
BeH,, BH3, and BH4™, the average number of pairs con-
tained in these regions deviates significantly from the value
two obtained from one pure «,3 pair of electrons. What
makes these systems unique among the molecules studied
here with the exception of F; is that a partitioning of the va-
lence region which yields a set of maximally intra-correlat-
ed spatial regions is possible. It was for the diatomic hy-
drides of the same elements, Li, Be, and B, and BeH> that
Daudel et al.* were able to find localized pairs of electrons
using the minimization of the information function for de-
fining the “best” loges.?® Methane is borderline in its be-
havior, but the motions of the valence electrons in the re-
maining molecules are so strongly inter-correlated that no
best partitioning is found and the localized pair concept
loses its meaning. For example, a bond loge in HF which
has a number population of two is occupied on the average
by three pairs.

In methane a bond loge was defined as a three-sided py-
ramidal region with its apex at the carbon nucleus and cen-
tered about a carbon-hydrogen internuclear axis, but ex-
cluding the region cut off by the core. A set of four such
loges with variable apex angles fulfills the necessary re-
quirement of exhausting the space occupied by the valence
density. The fluctuation of a single bond loge, while not pos-
sessing a minimum, does exhibit a plateau in its values in
the immediate region of N(Q) = 2 as the apex angle is var-
ied to change the volume and population of the loge. How-
ever, in this molecule the sum of the loge fluctuations is
minimized for a core and four identical bond loges (all with
N(Q) = 2.0) with respect to any variation in the core radius
or apex angles defining the bond loges. The fluctuation of
the population contained in one-quarter of the valence re-
gion reaches a maximum value when the loge is located so
that the three edges of the loge lic along three of the car-
bon-hydrogen internuclear axes.

Table II. Properties of Bonded Loges

IF($2,9)/

N()I X 100

percentage

Molecule N(§2) D,(2,2) F(2,0) localization
LiH 2.001 2.094 -1.910 95.5
BeH, 1.994 2.126 —1.850 92.8
BH, 1.992 2.341 —1.623 81.8
BH,~ 1.994 2.454 -1.522 76.3
CH, 1.999 2.619 -1.377 68.9
NH, 1.997 2.762 —1.226 61.4
OH, 1.987 2.833 1417 56.2
FH 2.037 3.067 —1.081 53.1
N, (o) 1.995 3.420 -0.560 28.1
N, () 1.966 3.296 -0.569 28.9
F, 2.034 3.785 —0.353 17.4

In methane, only 69% of Fermi correlation required for
the self-pairing correction for one «,3 pair of electrons is
contained in each of the bond loges, and on the average they
are occupied by 2.6 pairs of electrons. From all the systems
considered here, it appears that the fluctuation of a single
loge may be minimized with respect to a variation in its
boundaries only if the intra-loge Fermi correlation attains
at least 70% of its limiting value.

The same pyramidal-type loges were used in the parti-
tioning of the valence regions in NH3, H>O, HF, and Ne. In
NH3, a nonbonded loge with variable apex angle is centered
about the C3, axis above the nitrogen nucleus (Figure 2),
and the remaining space is divided equally into three bond
loges. In H,O such partitioning yields two equivalent bond
loges and two equivalent nonbonded loges (the latter shar-
ing a common face in the plane containing the nuclei). In
HF, it yields three equivalent nonbonded loges and one
bond loge and in Ne, four nonbonded loges.

No single region of the space of the valence density can
be found which exhibits a minimum in its fluctuation for
these systems. In Ne, for example, as loges of various
shapes (pyramids, cones, and wedges) are varied in size, the
fluctuation increases from zero to some maximum value
and then decreases, as the loge is further increased, to ap-
proach the value of the core loge fluctuation in the limit of
the loge encompassing all of the valence space. Similar re-
sults are obtained for loges in the valence region of NHj.
These same variations in loge boundaries yield values of
| F(2.Q2)/N(Q)|, the percentage localization, which increase
monotonically to the limiting value obtained for the total
valence region. Thus, in NHj3, H-O, HF, and Ne, the Fermi
hole for some number of electrons less than the total num-
ber of valence electrons cannot be well-localized in a region
of space separate from that of the remaining electrons. The
motions of the valence electrons are so strongly inter-corre-
lated that no spatial localization into some number of sub-
sets is possible.

What we do report in Table Il (for the bond loges) and
Table I1I (for the nonbonded loges) are the results obtained
when these systems are partitioned, in the manner described
above, so as to yield the required number of equivalent bond
and nonbonded loges with average populations of two.

The molecules BH;~, CH4, NH;, OH,, HF, and Ne
form a ten-electron series. From Figures 1 and 2, the overall
distribution of charge in these systems undergoes a steady
contraction as the nuclear charge of the heavy atom is in-
creased. Correspondingly, the electronic charge distribution
becomes increasingly less localized. Table IV lists the sum
of the loge fluctuations for a five loge partitioning in this se-
ries of molecules. From eq 18, this sum equals the magni-
tude of the total inter-loge Fermi correlation. The total
Fermi correlation equals —10 for these molecules and the
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Table III. Properties of Nonbonded Loges Table V. Interloge Correlations?
1F(Q,0)/ Mole-
NI x 100 cule 2F(c,b) 2F(c,n) 2F(b b)) 2F(b,n) 2F(n,n")
percentage -
Molecule N D,(2,9) F(2,2) localization ]I;le}PIIz :gigé 0153
NH, 2.005 2.914 -1.106 55.2 BH, -0.124 -0.304
OH, 2.005 2.981 -1.037 51.7 BH, - -0.106 -0.279
FH 1.999 3.010 -0.988 494 CH, -0.119 -0.374
Ne 2.009 3.070 -0.967 48.1 NH, -0.129 -0.164 —0.445 -0.544
N, 2.035 2.943 -1.199 58.9 OH, -0.138 -0.171 -0.480 —0.558 -0.688
FH -0.152 -0.179 -0.586 -0.629
Ne -0.189 -0.632

Table IV. Extent of Localization into Five Pairs for Some Ten-
Electron Systems

[ZF(Q,0)/
Nt X 100
percentage of

TAR,0) total intra-loge
magnitude correlation
of total inter- required

Molecule loge correlation for localized pairs
BH, - 2.101 79
CH, 2.725 73
NH, 3.489 65
OH, 3.987 60
FH 4.336 57
Ne 4.549 55

results in Table IV indicate that the interloge correlation
accounts for an increasingly larger fraction of the total cor-
relation through the series, 21% in BH4™ to 43 and 45% re-
spectively in FH and Ne. The column labeled total percent-
age localization is simply the percentage of the total Fermi
correlation contributed by the intra-loge correlations,
ZaF(2,2). For example, H,O possesses only 60% of the
self-pairing correction required to yield five separate and
spatially identifiable «,8 pairs of electrons.

The values of the inter-loge Fermi correlations F(Q,Q)
are given in Table V. Their magnitude is seen to decrease in
the order nonbonded-nonbonded, nonbonded-bonded,
bonded-bonded, nonbonded-core, and bonded-core. This
order is in accord with the order of increasing localization
found for the various loges themselves, i.e., nonbonded <
bonded < core.

The values of F(Q,Q’) provide a measure of the extent of
delocalization of the electrons in () into (@), and (since
F(QLQ) = F(Q,Q)) of the delocalization of those in ()
into (2). Consider H,O as an example. On the average, two
electrons occupy the core loge. The extent to which this av-
erage number does not represent a single event (Pa(c) =
1.00) is determined by the extent to which the Fermi hole
for the electrons in the core is spread over other loges. From
Table V, the fraction of the Fermi hole of the core electrons
which resides in the two bond loges is 2F(c,b)/N(c) =
—0.069 or 6.9%. Similarly, one finds that 8.6% of the Fermi
hole for the core population is contained in the nonbonded
loges. An o, pair of electrons in a bond loge of H,O is dis-
tributed so that 56% of the charge is in the bond loge, 3% in
the core, ~12% in the other bonded loge, and ~14% in each
of the nonbonded loges. Finally, only 52% of a nonbonded
a8 pair in H>O is found within the loge, the remaining den-
sity being distributed ~49% in the core, 13% in each of the
bonded loges and 18% in the second nonbonded loge.

The delocalized nature of the pairs in these systems is
also reflected in the average values of D2(Q,2’), the number
of pairs formed between the electrons in (Q) and (). These
values are easily calculated from the data in the tables,
using eq 15. For example, the value of D3(n,n’) in H,0 is
reduced to 3.68 as compared to the value 4.00 obtained for
two separately localized, or distinct, &,8 pairs of electrons.

2 The loges are labeled (c) = core loge, (b) = bonded loge, (n) =
nonbonded loge.

In those cases where the extent of intra-loge correlations
can be maximized, LiH through to BH;™, each loge bound-
ary approaches the surface defined by those paths of steep-
est descent through the charge distribution which originate
at the internuclear saddle point in the charge desity, the
zero-flux surfaces of the virial (atomic) fragments.2!.22
Clearly, the extent of localization of the Fermi correlation
is reflected in the spatial localization of the charge density.
The zero-flux surfaces become less pronounced and the
charge density contours increasingly less localized on the
protons through the series LiH — HF. The contraction of
and the increase in sphericity of the charge contours with
Ne at the limit reflect the increasing dominance of the field
of the heavy nucleus on the form of the charge distribution.
Loges separated by boundaries which cut circular or near
circular lines of constant density, such as the valence loges
in Ne or the nonbonded loges in H,O and HF, always ex-
hibit a considerable degree of inter-loge correlation. Thus
when the distribution of charge does not exhibit any evi-
dence of localization, reference to localization of any num-
ber of electrons in real or pair space has no physical signifi-
cance. For example, the contours of constant charge density
for the water molecule in a plane perpendicular to the nu-
clear plane are nearly circular, particularly in the nonbond-
ed region where the form of the charge distribution resem-
bles that shown for neon. Any reference as to this region
containing two separately localized «,8 pairs of nonbonded
electrons requires that these near circular contours of
charge density be cut by a planar surface. This seems arbi-
trary, and in view of the large inter-loge correlations thus
obtained, to be without physical basis in terms of the prop-
erties exhibited by the charge and number densities in this
system.

The localized bond loges referred to in the above exam-
ples do not coincide with the binuclear form usually associ-
ated with a bonding molecular orbital. Instead they encom-
pass only the proton?? and the partitionings can be regarded
as yielding atomic-like fragments rather than bond loges.
This observation is not restricted to hydrogen fragments.
Attempts to localize a pair of electrons in a loge defined
along the lines of a os-bonding molecular orbital fail com-
pletely in both N; and F,. Figure 3a illustrates an attempt-
ed loge partitioning of N into two core loges, two nonbond-
ed loges, and a cylindrical s-bond and two 7-bond loges.
The boundaries of the core loges (as reported in Table I)
are such as to maximize their intra-loge correlation. No
variations of the boundaries of the valence loges shown in
Figure 3a are found which yield minima in the loge fluctua-
tions. Instead, the boundaries of the o-bond loge and the
nonbonded loges were varied to obtain average populations
of approximately two for each loge.

The nonbonded regions, with localizations of 59% (Table
I1I), are the most localized of the valence loges in the parti-
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(b)

Figure 3. Contour maps of the charge distribution of N2(X!Z,*) show-
ing two attempted loge partitionings. In (a) there are two core loges,
two conical nonbonded loges, a cylindrical o-bond loge and the remain-
ing torus of density is divided by a ¢, plane into two =-bond loges. All
the loges have an average population of approximately two. In (b) the
nonbonded loges border directly on the core loges and the central bond
loge has an average population of six.

tioning of N,. The o-bond loge contains only 28% of the
intra-loge correlation required to localize a single «,3 pair
of electrons (Table II). A similar o-bond loge in F; contains
only 17% of the same required Fermi correlation. The elec-
trons of the w-bond loges in N3 are also poorly localized and
there is considerable inter-loge correlation between the
three-bond loges. For example, the value of F(o,r) indi-
cates that the o electrons are 37% delocalized over the =
loges. There is no physical basis for ¢—= pair separability in
N3, and less so in F;.

The strongly inter-correlated nature of the electrons in
the three-bond loges of N, is further demonstrated by not-
ing the large increase in the percentage localization ob-
tained if they are grouped into a single loge. A partitioning
of N5 into two cores, two conical nonbonded loges, bor-
dering directly on the cores, and a single intervening bond
loge with an average population of six electrons (see Figure
3b) yields a localization of 72% for the bonded population
and 60% for the nonbonded. Of course, in cases such as
these, where no minimum in the fluctuation is obtained
other than at the limit of N(Q) equaling zero or the total
number of valence electrons, the larger the population of
the loge, the larger the fraction of the intra-loge correlation
it contains. Still this latter description as illustrated in Fig-
ure 3b is probably the most reasonable quantum analogue
of the Lewis structure for N,. Such a structure predicts
three «,3 pairs which, if totally localized in the bonded re-
gion, would yield precisely a pair population of 30, com-
pared to the average number of 31.2 actually found.

[t is interesting to compare these localizations, obtained
for partitioning along traditional lines, with those obtained
by a partitioning into atomic fragments. That is, we inquire
as to the extent to which each atom retains its own identity
in a molecule.

Of all the first-row homonuclear diatomic molecules, the
charge distribution of N, appears to be the most delocal-

ized.?* That of F; is at the other extreme, being atomic-like
in nature, with the charge density contours exhibiting a dis-
tinct pinched effect at the position of the o5 symmetry
plane. A partitioning of N, by the o4 symmetry plane yields
two nitrogen fragments each of which contains 78% of its
original atomic Fermi correlation. Thus, in this example,
which one expects to be typical of a highly delocalized sys-
tem, the charge density of either atom is delocalized into
the region of the other to the extent of 22% on bond forma-
tion. This percentage delocalization increases, of course, if
one considers only the valence density. In N; the valence
density of one (V) fragment is 67% localized, being delocal-
ized to the extent of 28% over the second valence region and
1% over the external core.

In F,, one finds that a surface coincident with the o,
symmetry plane, the zero-flux surface, minimizes the fluc-
tuation of each fluorine fragment and the degree of internal
Fermi correlation is maximized. In the Hartree-Fock ap-
proximation, each (F) fragment retains 93% of its original
Fermi correlation. The valence density of such a (F) frag-
ment is also localizable as the fluctuation of the fragment
with the core loge excluded is still minimized by the zero-
flux surface. The valence density of a (F) fragment in F; is
86% localized, being delocalized to the extent of 9% over
the other valence region and ~0.2% over the external core.

As is well known, the Hartree-Fock model for F» fails to
predict binding relative to the atoms,? and this is probably
the result of the intra-atomic Fermi correlation being over-
emphasized in the absence of the Coulomb correlation. This
over-emphasis is probably most pronounced for fluorine be-
cause of the very strong potential field exerted on its va-
lence charge density. The Hartree-Fock charge distribution
of a (F) fragment is always very localized in nature and, ex-
cept in the case of F,, possesses a population approaching
ten electrons.?! While the over-emphasis of the internal cor-
relation is greater in F, than in N, at the Hartree-Fock
level, the charge density of (F) is in reality doubtlessly more
localized than is that of (N).

The strong potential field exerted on the valence elec-
trons by the fluorine nucleus and core, while providing the
major source of binding in fluorides via a charge transfer to
the (F) fragment,?® also causes the weak binding found in
F,. In the absence of a net transfer of charge between frag-
ments as in A, systems, binding results from the accumula-
tion of charge in the region between the nuclei via the for-
mation of new «,8 pairs. The formation of new pairs within
each fragment is, of course, determined by the extent of de-
localization. From the values of F(Q,Q) for the atom (where
it equals —/V/2) and for the fragment in the molecule, one
finds the average number of pairs in each (N) fragment to
increase by 1.52 on bond formation, while in F,, the corre-
sponding increase for a (F) fragment is only 0.65. There-
fore, the difficulty in disrupting the very pronounced intraa-
tomic correlation in (F) and the resulting small degree of
delocalization of the charge density provides an explanation
for the weak binding found in F; as compared to N,.

Conclusions

The theory and results given here determine and illus-
trate the effect of the Pauli exclusion principle on the distri-
bution of electronic charge in real space. It has been dem-
onstrated that the localization of charge in real space is de-
termined by the localization of the Fermi correlation in pair
space and that the extent of pairing and localization pro-
ceed hand in hand.

It should be pointed out that while the presence of poten-
tial wells determines where localization occurs, the localiza-
tion referred to here is entirely the result of Fermi correla-
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tion. Thus there is no preferred spatial localization of the
charge or pair densities in a system of particles whose mo-
tions are uncorrelated, i.e., in a system where the pair prob-
ability is equal to the product of the single particle proba-
bilities.'® It is, of course, still necessary to statistically cor-
rect the product of number densities if one is to obtain the
correct pair density in eq 3. In this case, however, f(r.72)
has a constant value of —1/N and the degree of localization
and the average number of pairs for a region are deter-
mined by N(Q) itself; [F(Q,Q)/N(Q) = N(Q)/N and
D»(2,2) = N(Q)(N(Q) — N(Q)/N). In an uncorrelated sys-
tem all spatial regions with the same average population
possess the same degree of localization. The localization
simply increases as the volume of (Q) is increased so that
N(Q) approaches N in value. Correspondingly, one finds
that the fluctuation A(Q) in such a system cannot be mini-
mized for any value of N(Q) between zero and N. This be-
havior is to be contrasted with that found here for systems
with Fermi correlation. For example, in Ar one can define a
particular region, the core loge, whose fluctuation is mini-
mized when N(Q) = 1.9. The electrons in this region are
found to be 73% localized. In an uncorrelated 18-electron
system, the percentage localization of any region which on
the average contained 1.9 particles would equal (1.9/
18)100 = 11%.

If one restricts the use of the word “localized” to the de-
scription of spatial regions for which the extent of internal
Fermi correlation is maximized, then in general, a molecu-
lar charge distribution is localized into core and valence dis-
tributions. The valence density is further localized into sub-
sets only in those cases where the charge density itself ex-
hibits a considerable degree of spatial localization. This ob-
servation leads one to the conclusion that when such local-
ized groupings are found they will correspond to atomic-like
fragments, for only such fragments are topographically de-
fined by the valence charge distribution.

Whether or not one wishes to so restrict the meaning of
the term “localized”, the degree of localization and the ex-
tent of pairing in any spatial region may be quantitatively
defined and the role they play in determining molecular
properties critically examined. For example, is the most sta-
ble geometry of a system related to the extent of pairing im-
posed on it by the Pauli exclusion principle?

The relative magnitudes of the intra- and inter-loge
Fermi correlations as determined here parallel the relative
importance of the intrapair and interpair correlation ener-
gies as determined by the various “correlated pair” theories
referred to in the introductory section. Thus Ebbing and
Henderson?® found that a wave function constructed from
strongly orthogonal geminals was able to account for a
large fraction of the total correlation energy in LiH, a sys-
tem which we find to be over 90% localized into two distinct
pairs. Sinanoglu and Skutnik,%® on the other hand, have ar-
gued that such an approach would be inadequate for CHy
or Ne as they predicted that the correlations between neigh-
boring tetrahedral orbitals in these systems should contrib-
ute about twice as much to the valence shell correlation en-
ergy as do the four intrabond pairs. Kutzelnigg!' has re-
cently reviewed the results obtained by the IEPA method
for a number of small molecules and from his results one
finds the ratio of the intrapair correlation energy to the
total pair correlation energy for the bond pairs in BeH;,
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BH3, and CHy4 to be 86, 77, and 56%, respectively. Similar-
ly, we find the Hartree-Fock wave functions for the same
three systems to yield intra-loge correlations for the bond
loges which account for 93, 82, and 69% of their total Fermi
correlation, respectively. It will be recalled that CHy is bor-
derline in that it is not possible to maximize the intra-loge
Fermi correlation for a single bond loge in this system. It
would appear from the comparison with the energetic re-
sults given above that if the Hartree-Fock wave function,
which in general over-estimates the extent of pairing, fails
to yield a localization of the Fermi pairs in excess of 70%
for spatial regions with average populations of two, then the
interpair correlation energies will equal or exceed the corre-
sponding intrapair contributions.
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